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1. Introduction 

1.1. Given an abelian variety A over a function field K = k{C) with C an absolutely 
irreducible, smooth, proper curve over a field k, it is natural to ask about the 
behavior of the Mordell-Weil group of A in the layers of a tower of fields over K. 
The simplest case, which is already very interesting, is when A is an elliptic curve, 
K = k(t) is a rational function field, and one considers the towers k{t^^'^) or k{t^^'^) 
as d varies through powers of a prime or through all integers not divisible by the 
characteristic of k. 

When /c = Q or more generally a number field, several authors (e.g., [Shi86], 
[Sti87], [Fas97], [SilOO], [Sil04], and [Ellen]) have considered this question and given 
bounds on the rank of A over Q(t^/'') or Q(t-^/'^). In some interesting cases it can be 
shown that A has rank bounded independently of d in the tower Q(i^/''). Of course 
no example is yet known of an elliptic curve over Q(t) with unbounded ranks in the 
tower <^{t^l'^), nor of an elliptic curve over with non-constant j-invariant and 
unbounded ranks in the tower Q(<^/''). 

When fc is a finite field, examples of Shioda and the author show that there 
are non-isotrivial elliptic curves over Fp(i) with unbounded ranks in the towers 
Vpif/'^) [Shi86, Remark 10] and Vp{t^/'^) [Ulm02, 1.5]. More recently, the author 
has shown [Ulmer] that high ranks over function fields over finite fields are in some 
sense ubiquitous. For example, for every prime p and every integer <? > there are 
absolutely simple abelian varieties of dimension g over Fp (t) with unbounded ranks 
in the tower Fp(i^/''), and given any non-isotrivial elliptic curve E over Fq(i), there 
exists a finite extension Vr{u) such that E has unbounded (analytic) ranks in the 
tower ¥r{u^/'^). 

One obvious difference between number fields and finite fields which might be 
relevant here is the complexity of their absolute Galois groups: that of a finite field 
is pro-cyclic while that of a number field is highly non-abelian. EUenberg uses this 
non-abelianess in a serious way in his work on bounding ranks and, in a private 
communication, he asked whether it might be the case that, say, a non-isotrivial 
elliptic curve over ¥q{t) always has unbounded rank in the tower Fp(t^/''). 

Our goal in this note, which is a companion to [Ulmer], is to give a number of 
examples of abelian varieties over function fields Fq(t) which have bounded ranks 
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m the towers ¥q{t^/'^) as d ranges through powers of a suitable prime or through all 
integers not divisible by p, the characteristic of ¥q. We also get some information 
aboTit ranks in towers k{t^/'^) for arbitrary fields k. Along the way we prove some 
new results on Fermat curves which may be of independent interest. The main 
results are Theorems 2.4, 3.2, 3.3, 4.5, 5.2, and 6.2 

1.2. It is a pleasure to thank Jordan EUenberg for his stimulating questions about 
ranks of elliptic curves as well as Brian Conrey, Bill McCallum, and Dinesh Thakur 
for their help. Special thanks arc due to Bjorn Pooncn for several incisive remarks 
and for pointing out that some arguments originally given for elliptic curves apply 
more generally to higher- dimensional abelian varieties. 

2. Jacobi sums 

2.1. Throughout the paper p will be a rational prime number, Fp = Z/pZ will be 
the prime field of characteristic p, and q = will be a power of p. Fix an algebraic 
closure Q of Q. All number fields considered will tacitly be assumed to be subfields 
of Q. We denote by fid the group of rf-th roots of unity in Q. 

Let p be a prime of Oq, the ring of integers of Q, over p. The field Oq/P is an 
algebraic closure of Fp which we denote by Fp and we write F^ for its subfield of 
cardinality q. 

Reduction modulo p induces an isomorphism between the group of all roots of 
unity of order prime to p in and the multiplicative group (O^/p)^ = Fp^ . We 

let t : Fp^ — > denote the inverse of this isomorphism. We will use the same 
letter t for the restriction to any of the finite fields F^ . Every character of is a 
power of t. 

2.2. Fix a non- trivial additive character t/^ip : Fp — > . For each q we define an 

additive character ipq as ijjq = ijjp o Tr^^^/p^. 

For each q and each character % of F^ , wc define a Gauss sum 

It is well known that Gg(x) = 1 if X is the trivial character and that Gq{x) is an 
algebraic integer with absolute value g^/^ in every complex embedding if x 7^ 1- 

For d prime to q, a G Z/dZ, and any q = 1 (mod d) we write Gq(a) for 
Gqifr"-'^''^^^/'^) which lies in Q{iipd)- The analysis leading to Stickelberger's theo- 
rem [Was97, 6.2] shows that if p is the prime of Qinpd) under p, q = pi , and a ^ 
(mod d) then 

/-I 

ordp Gg(a) = (p- 1)^ 

where {x) is the fractional part of x, i.e., < (a;) < 1 and x — {x) & Z. 

2.3. Fix a positive integer w. For each q and each tuple of non-trivial characters 
Xo, ■ ■ -1 Xw+i of Fg such that the product Xo • • • Xiu-i-i is trivial, we define a Jacobi 
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sum 

Jq{XO,---,Xw+l) = ^ Xo{xo)---Xw+l{Xw+l) ^QilJ'q-l)- 

xa-\ \-Xui + i=n 

It is well-known and elementary (see [Wei49, p. 501] for example) that 

/_l\w "'+1 

JqiXO, • • • , Xw+l) = n '^liXi)- 

In particular, the Jacobi sum is an algebraic integer with absolute value q^/"^ in 
every complex embedding. 

Let Ad^w C (Z/(iZ)"'+^ be the set of tuples a = (oq, . . . , ciw+i) such that 7^ 
for all i and = 0. If a e A^^u) and q = 1 (mod d), we write Jg(a) for 

J^^^-ao{q-v,/d^ . . . , f-a»+i(?-i)/<i); clearly Jg(a) e Q(/Ud). If p is the prime of Q(/id) 
under p and q=p^ , then 

ord,J,(a) = ^^(^)-/. 
i=o j=o \ / 

Wc write A!^ ^ for those a G such that gcd(rf, ao, . . . , a^j+i) = 1- Note that 
if a G Ad^w and if e = gcd((i, ao, . . . ,a^+i), d' = d/e and a' = (ao/e, . . . ,aw+ile) € 
A'^i ^ then for any q=l (mod d) we have Jq(a) = Jqia.'). 

Many of our results on ranks will be based on part (2) of the following theorem 
about the distribution of Gauss and Jacobi sums. Roughly speaking, it says that 
sums involving characters of large order must either have large degree over Q or 
have valuation bounded away from 0. 

2.4. Theorem. 

(1) Fix a real number e > and a positive integer n. There exists a constant 
Ce^n depending only on e and n such that if d > C^^n, q=p^ = 1 (mod d), 
a e (Z/rfZ)^, and the degree of Gq{a) over Q(/Xp) is < n, then 

ordp Gq{a) _ 1 

Here p is the prime of Q{i2pd) under p. Note that ordp{q) = (p — 1)/. 

(2) Fix a positive integer n. There exist constants C„ and e„ > depending 
only on n such that if d > C„, q = p^ = 1 (mod d), w > 1, a € A'^ ^, and 
the degree of Jq (a) over Q is < n, then 

ordp Jg(a) 

/ 

Here p is the prime ofQ{fid) under p. Note that ordp(g') = /. 

2.5. Remarks. 

(1) The constants appearing in the theorem are independent of p and effectively 
computable. 

(2) In part (2) of the theorem, we may replace "the degree of Jq(a) over Q is 
< n" with "the degree of the largest subfield of Q( J^(a)) in which p splits 
completely is < n" and similarly in part (1). I do not know whether this 
has any applications to geometry. 
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The theorem is a consequence of Stickelberger's theorem and the following simple 
estimate. 

2.6. Proposition. Fix a real number e > and a positive integer n. There exists 
a constant C^^n depending only on e and n such that if d > C^^n o-nd H C G = 
(Z/dZ)^ is a subgroup of index < n, then for all a G G, 



< e. 



1 ^ / ta\ 1 
Proof. We have 



ten 



1 



d(/>(d) 



(s,d) = l 



where \H\ denotes the order of H, G/H denotes the group of characters of G/H 

(which we view as characters of G trivial on H), and cf){d) = jCj is Eulcr's function. 
Partial summation and the Polya- Vinogradov inequality [DavOO, §23] show that 
there is an absolute constant C such that the inner sum above is < CS'I'^ log d and 
so the quantity A to be estimated satisfies 

logd 



< 



Well-known estimates for (l){d) [HW79, Thm 327] say that for aU 6 > 0, (j){d)/d^-^ 
oo as (i — > oo so there is a constant Ce,„ depending only on n and e such that 

CnrfVMogrf 



m 



< € 



whenever d > Ce_„. This completes the proof of the proposition. 



□ 



2.7. Corollary. Given n there exists a constant (5„ > depending only on n such 
that for any d > 2, any ^ a G Z/dZ, and any subgroup H c G = (Z/dZ)^ of 
index < n, 

I ^ /ta\ 



\H\ E 



d 



Proof For ^ a e (Z/dZ), set e = gcd(a,d), d' = d/e, G' = (Z/d'Z)^, a' 
and H' = lm{H — > G'). Then the index of H' in G' is < n and we have 

1 sr^ /ta\ 1 sr^ /ta" 



a/e, 



A :-- 



\H\ 



■E 

ten 



ta\ _ 
~d - 



H' 



■E 

and so we may assume that gcd(a, d) = 1, i.e., that a € G. 

Given n, let Ci/4^„ be the constant furnished by the proposition for n and e = 
1/4. If d > Ci/4^„ then by the proposition, A > 1/4. On the other hand, there 
are only finitely many d < C1/4 „ and for each d, only finitely many subgroups 
H C (Z/dZ) of index < n. Since A > for each of these finitely many possibilities, 
there is a ^„ > such that A> 6n for all d and a. □ 
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2.8. Proof of Theorem 2.4 (1). Given e and n, suppose that d, q = = 1 
(mod d), and a e G = {Z/dZY = Gal(Q(^pd)/Q(/Xp)), are such that Gq{a) € 
QifJ-pd) has degree < n over Q(/Zp). Let if C G be the subgroup of G fixing 
Q(/Xp, Gq{a)), so that if has index < n in G. If p is the prime of Q(/Xpd) under p, 
then for every t G H, we have ord^t (Gg(a)) = ordp(Gg(a)). Therefore, 



ordp Gq{a) 



77 ^ 



ordpt Gg{a) 



\H\f^^ {p-l)f 



1 



where the second equaUty comes from Stickelberger's theorem. Let P be the sub- 
group of (Z/dZ)^ generated by p and HP the subgroup generated by H and P. 
The last displayed sum is then equal to 



1 



liiPl ^ 

' ' tGHP 



Since H has index < n in G, the same is true of HP and so Proposition 2.6 shows 

ordpGg(a) 1 



that if d > C^^n then 



2 



< e 



as was to be shown. 



□ 



2.9. Proof of Theorem 2.4 (2). Given a G A'^ ,^, set di = d/gcd{d,ai). The 
following lemma tells us that if d is large then at least two of the di are also large. 

2.9.1. Lemma. With notation as above, there exists an absolute constant G such 
that at least two of the di are > G log d. 

Proof. If £ divides d then from the definitions, there are at least two i's such that 
I docs not divide a^. Therefore the largest prime power dividing d also divides at 
least two of the di. 

To finish we note that Chebyschev's theorem [HW79, Thm. 7] implies that the 

the largest prime power dividing is > G'logd for some absolute constant G'. 
Indeed, let M be a positive number, let pi, . . . ,P7r(M) be the primes less than M, 
and let p?' be the largest power of pi less than M. If N = nfit^^ pT then 

7r(M) 

log AT = ei logpi < 7r(M) logM < G'M 

i=l 

by Chebyschcv. This shows that if iV is a product of prime powers less than M, 
then N < e'-" ^ . Therefore the largest prime power dividing N is at least G log N 
where G=l/G'. □ 

Now fix n and consider those g = 1 (mod d) and a such that Jg(a) has degree 
< n over Q. Let if C G = (Z/dZ)^ ^ Gal(Q(/id)/Q) be the subgroup fixing 
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5(a)) SO that H has index < n'm G. Then we have 
A(g,a) := 



ovdpJq{a) _ 1 ^ ordpt(Jg(a)) 




where as before P is the subgroup of [Ij/dl)^ generated by p and HP is the 
subgroup generated by H and P. Reindexing a, we may assume that rfo and d\ are 
> Clogrf. Since H has index < n, so does HP and so wc get bounds on the inner 
sums in the last displayed equation. More precisely, by Corollary 2.7, the inner sum 
is > ^„ for i = 2, . . . , w + 1, and by Proposition 2.6, if rfo and d\ are sufBciently large 
(so that Clogd > Ce^„), the i = and i = \ terms are > 1/2 — e. Applying this with 
e = (5„/4 < u'(5„/4, we see that for sufficiently large d, A[q, a) > (w—1 /2)J„ > (5„/2. 
This completes the proof of part (2) of the theorem. □ 



3. Fermat Jacobians 

3.1. Let k be an arbitrary field with separable closure k. For each positive integer 
d not divisible by the characteristic of k we consider the Fermat curve Fn of degree 
d over k (the zero locus of 'Y^i=a-^'f '^^) ^^"^ Jacobian J,;. If A is an abclian 
variety over k, we say that "A appears in J J' if there is a homomorphism of abelian 
varieties A ^ Jd with finite kernel. We say "A appears in Jd with multiplicity m" 
if m is the largest integer such that A™ appears in Jd- The multiplicity with which 
A appears in Jd obviously depends only on the fc-isogeny class of A. 

The following two theorems are the main results of this section. 

3.2. Theorem. Suppose that k is a field of characteristic zero. Then for every pos- 
itive integer g, only finitely m,any k-isogeny classes of abelian varieties of dimension 
< g appear in Jd as d varies through all positive integers. If A is an abelian variety 
over k, then the multiplicity with which A appears in Jd is bounded by a constant 
depending only on the dimension of A. 

If k has characteristic p and A is an abelian variety over fc, the p-rank of A is 
by definition the dimension over ¥p of the group of /c-rational p-torsion points on 
A. It is known that the p-rank lies in the interval [0, dim A] and that it is invariant 
under isogeny. 

3.3. Theorem. Suppose that k is a field of characteristic p > 0. Then for every 

positive integer g, only finitely many k-isogeny classes of abelian varieties with 
positive p-rank and dimension < g appear in Jd as d varies through all positive 
integers prime to p. If A is an abelian variety over k with positive p-rank, then the 
multiplicity with which A appears in Jd is bounded by a constant depending only on 
the dimension of A. 

3.4. Remarks. 
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(1) We repeat that the constants in the theorems depend only on the dimension 
g. In particular, they are independent of the characteristic of k. As will be 
clear from the proof, they are also effectively computable. 

(2) Theorem 3.2 is already known in a more precise quantitative form by re- 
sults of Aoki [Aok91], building on work of Koblitz, Rohrlich, and Shioda. 
Theorem 3.3 may be known to experts but to my knowledge is not in the 
literature. We will give a very simple proof of Theorem 3.3 for k finite and 
use this to deduce the general case and Theorem 3.2. 

(3) It is proven in [TS67], and by a different method in [Ulmer], that over a field 
of characteristic p, the multiplicity with which a supersingular elliptic curve 
appears in Jj is unbounded as d varies. Thus the last part of Theorem 3.3 
would be false without the hypothesis of positive p-rank. It is not clear what 
to expect for abelian varieties with p-rank zero which are not A;-isogenous 
to a product of supersingular elliptic curves. 

The proofs of the theorems will be given in rest of this section. 

3.5. If rf' < is a divisor of d, then there is a canonical surjective morphism 

Fd' {xi t-^ xf^"^ ) which (because F^ — > F^' is totally ramified at some place) 
induces an injection of Jacobians J^/ ^ Jd- We define the old part Jf^ to be the 
abelian subvariety of Jd generated by the images of the morphisms Jd' ^ Jd as d' 
varies through proper divisors of d and we define the new part J^™ of Jd to be the 
abelian variety over k (well-defined only up to fc-isogeny) such that Jd is isogenous 
to J^**^ X Jf'^. It is not hard to check, for example by using the zeta function 
calculation mentioned in 3.8 below, that Jd is isogenous to Yid'ld'^d'''"- 

Theorem 3.2 therefore follows from the statement that there is a constant Cg 
depending only on g such that no abelian variety A of dimension < g appears 
in Jd™ for any d > Cg. Theorem 3.3 follows from the same statement with the 
additional hypotheses that A has positive p-rank and d is not divisible by p. 

3.6. Given a field A;, let F be its prime field and fco be the algebraic closure of F in fc. 
Then ko is a perfect field and so the extension k/ko is regular. The Fermat Jacobian 
Jd and its new part J^*^^ are defined over F and so if A is an abelian variety over 
k which appears in J^''^ k then there is an abelian variety Aq defined over fco 
which appears in J™^ xp fco and with Aq Xkg k = A. (This is an old result of Chow 
which has been given a detailed modern treatment by Conrad, see [Con06, 3.21].) 
Moreover, the abelian variety Aq and the morphism ^o ■^d'^^ are both defined 
over some finite extension of F. Thus it will suffice to prove the existence of the 
constants Cg mentioned at the end of Subsection 3.5 (depending only on g, not on 
fc) for the cases when fc is a number field or a finite field. 

3.7. Let fc be Fg, the subfield of Fp = Cq/P with q elements. A Weil q-integer of 
weight 1 is an algebraic integer a whose absolute value in every complex embedding 
is g^/^. For the rest of this section we will call these simply Weil numbers. 

Honda- Tate theory [Tat68] says that F^-isogeny classes of F^-simple abelian va- 
rieties are in bijection with Gal(Q/Q) orbits of Weil numbers. If A corresponds to 
a, then E = Endp^ (^4) (g) Q is a central simple algebra over Q(q;) whose invariants 
in the Brauer group of Q(q;) can be calculated in terms of the decomposition of 
p in Q(a). The dimension of A is {l/2)[E : Q(a)]i/2[Q(a) : Q] and the eigenval- 
ues of Frobenius on H^{A x Fg,Q^) are the conjugates of a, each appearing with 
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multiplicity [E : Q(a)]^/^. The p-rank of A is equal to the number of eigenvalues 
of Frobenius which are units at p and so A has positive p-rank if and only if some 
conjugate of a is a unit at p. 

If C is a curve of genus g over Wq and the Z-function of C is 

(1 - T)(l - qT) 

then the Weil numbers of the F^-simple factors of the Jacobian J of C are pre- 
cisely the ttj. The multiplicity of a, in the numerator is the multiplicity of the 
corresponding ^ in J up to Fg-isogcny times [Ea '■ Q{a)]^^'^. 

3.8. Given a positive integer d and a prime power q such that q = I (mod d) we 
consider the Fermat curve over Fg. By a theorem of Weil [Wei49] , the Z- function 
of Fd over Fg is 

nagA..,(i--/.(am 

(1 _ T)(l - qT) 
where A^i^i was defined in Subsection 2.3. 

It is clear from Weil's computation of the Z-function that the Weil numbers of 
J^™ are precisely the Jg(a) as a runs through 

^'d,i = {a = (ao,ai,a2) e Ad,i\gcd{d,ao,ai,a2) = !}• 

3.9. The case of finite fields. We assume fc = and that A is an abelian variety 
over k which has positive p-rank and dimension < g and appears in J^™ ■ In this 
case, the Weil numbers of A are among the Weil numbers of J^"'^. Extending k if 
necessary, we may assume that d\{q — 1) and so the Weil numbers of JJ®^ are the 
Jacobi sums Jg(a) where a€ A'^^-^. By the results recalled in Subsections 3.7 and 3.8 
it follows that some Jq(a) has degree < 2g over Q and is a unit at the prime p. This 
implies that rf is < C2g where C2g is the constant appearing in Theorem 2.4(2) for 
n = 2g. Therefore no abelian variety of positive p-rank and dimension < g appears 
in J^*^^ for large d and this establishes Theorem 3.3 for finite fields. The argument 
in Subsection 3.6 shows that the theorem also holds for arbitrary fields of positive 
characteristic. 

3.10. The case of number fields. Suppose that A is an abelian variety of di- 
mension < g defined over a number field k. Suppose that d is larger than the 
constant C'{g) — C'2g appearing in Theorem 3.3 and that A appears in J^°"'. Then 
for every prime p of fc where A has good reduction, by Theorem 3.3 the reduction 
A X ¥p has p-rank 0. This would violate the following result, which appears in 
[Ogu82, 2.7.1]: 

3.10.1. Lemma. (Katz) If A is an abelian variety over a number field k, then for 
infinitely many primes of k, the reduction of A has positive p-rank. 

For the convenience of the reader, we sketch the proof of the lemma. Choose 
a prime £ larger than 2g. Let L be a finite extension of k such that Gal(Q/L) 
acts trivially on the ^-torsion of A. If p is a prime of L over the rational prime p 
where the reduction of A has p-rank zero, then the trace of the Frobenius at p on 
H^{A X k, Qe) is an integer = (mod p) and < 2g{N p)^/^. If p has absolute degree 
1 over Q (i.e., N p = p), and > 2g then we see that the trace must be zero. On 
the other hand, since Gal{Q/L) acts trivially on f-torsion, the trace must be = 2g 
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(mod i). Since i > 2g this is impossible. The conclusion is that the reduction of A 
at a prime of absolute degree one over a large p must have positive p-rank. Such 
primes have density one in L and the primes under them in k are an infinite set 
satisfying the conclusion of the lemma. 

We note that a stronger version of this result for abelian varieties over Q is 
proven in [BG97, Prop. 5.1]. 

The lemma completes the proof of Theorem 3.2 for number fields and, as ex- 
plained in Subsection 3.6, therefore also for arbitrary fields of characteristic zero. 

4. ISOTRIVIAL ABELIAN VARIETIES WITH BOUNDED RANKS IN Z OR Z'^^-TOWERS 

4.1. In the rest of the paper we will give examples of abelian varieties with bounded 
ranks in towers of function fields over various fields k. Before doing so, let us 
dispense with a trivial situation: if A is an abelian variety over k{t) with good 
reduction away from and oo and at worst tame ramification at and oo , then for 
any d prime to the characteristic of k, the degree of the conductor of A over k{t^^'^) 
is bounded independently of d. Geometric rank bounds then show that the rank of 
A over k{t^^'^) is also bounded independently of d. Therefore it is only interesting 
to consider situations where the degree of the conductor grows in the tower under 
consideration. All our examples below are of this type. 

4.2. We review some well-known facts about constant and isotrivial abelian vari- 
eties. Let k be any field, let L be the function field of a geometrically irreducible 
curve C smooth and proper over Specfc, and let J be the Jacobian of C. Let 

be an abelian variety over k and let A = Aq Xk L. Then it is clear that A{L), 
the group of L-rational points of A, is canonically isomorphic to Morfc(C, Aq), the 
group of fc-scheme morphisms from C to Aq. Moreover, we have an exact sequence 

^ Ao{k) Morfe(C, Ao) ^ Homfe_av( J, ^o) 

where a k point of Aq is sent to the constant map with that value and a morphism 
from C to Af) is sent to the homomorphism of abelian varieties induced by Albanese 
functoriality. If C has a fc-rational divisor of degree 1 (for example if k is finite) 
then the last map above is surjective. If k is finitely generated over its prime field, 
then by the Lang-Neron theorem, A[j{k) is finitely generated. (See [Con06] for a 
modern treatment of the Lang-Neron theorem.) For any k, Hom/..av(<^, ^o) is finitely 
generated and torsion free. If Aq is fc-simple, then the rank of Homfe.av(J, ^o) is 
equal to the rank of the endomorphism ring of Aq times the multiplicity with which 
Aq appears in J up to fc-isogeny. 

4.3. Continuing with the notation of the last subsection, suppose that C is hyper- 
elliptic, i.e., we are given a degree 2 morphism C ^ P^. Let A' be the twist of 
A = Aq Xkk{t) hy the quadratic extension L/k{t). Since there are no non-constant 
morphisms from to an abelian variety, we have A{k{t)) = Ao{k). Since 

A{L) Q ^ {A{k{t)) Q) {A'{k{t)) ^ Q) 

we conclude that A'{k{t)) has finite rank, bounded above by 

(4.3.1) dimQ A'{k{t)) O Q = dimg Homfe.av( J, ^o) O Q = Rankz Homfc-av(^, ^o) 

with equality when C has a fc-rational divisor of degree 1. 
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4.4. We can now apply the rank formula above and our results about Fermat 
Jacobians to give examples of bounded ranks in towers. Let Ki = k{t) and for 
every positive integer d not divisible by the characteristic of k, let Kd — k{t^^'^). If 
the characteristic of k is not 2, let Li = k{u) with = t — 1; if the characteristic of 
k is 2, let Li = k{u) with + u = t. For all d prime to the characteristic of k, let 
Ld = LiKd = k{t^/'^, u). Note that Ld is the function field of a hyperelliptic curve 
Cd over k. Using ideas analogous to [Ulmer, §6], one checks easily that there is a 
totally ramified, surjective morphism from a Fermat curve Fn Cd', here n = 2d 
if the characteristic of k is not 2 and n = if the characteristic of A" is 2. It follows 
that the Jacobian of Cd is an isogeny factor of J„. Applying the rank formula 4.3.1 
and Theorems 3.2 and 3.3 we have the following. 

4.5. Theorem. Let k be a field and Aq an abelian variety over k. If the charac- 
teristic of k is p > 0, assume that Aq is isogenous to a product of k-simple abelian 
varieties each with positive p-rank. Let A = Ax^ k{t) and let A' be the twist of A by 
the quadratic extension k{u)/k{t) where u satisfies ^ t — 1 if the characteristic 
of k is not 2 and it^ + u = t if the characteristic of k is 2. Then the rank of the 
Mordell-Weil group is bounded as d varies through all positive integers 
relatively prime to the characteristic of k. 

5. NON-ISOTRIVIAL ELLIPTIC CURVES WITH BOUNDED RANKS IN Z^-TOWERS 

5.1. For examples of non-isotrivial elliptic curves with bounded ranks in exten- 
sions, we consider the curve E discussed in [Ulm02] with affine equation 

y'^ + xy = -t 

over ¥p{t). 

5.2. Theorem. Given p let S be the set of primes i > 3 such that p = 1 (mod i). 
If d is a product of powers of primes from S, then the rank of E{¥p{t^^'^)) is zero. 

The proof of the theorem will will be given in the rest of this section. 

5.3. We use the notation of Subsection 2.3 on Jacobi sums. Given p, d prime to p, 

and a = (ao, . . . , 0.3) G Ad,2, we say that a is "supersingular" (some authors would 
say "pure") if for one (and thus every) q = p^ = 1 (mod d) and all s £ (Z/dZ)^ 
we have 




If a is supersingular, then for every prime p of Q(/id) over p, the valuation ordp Jq (a) 
is / and this implies that Jq(si) is a root of unity times q; this is the motivation for 
the terminology "supersingular" . 

5.4. By [Ulm02, 6.4 and 7.7], if {d, 6p) = 1, then the rank of E(Fp(ti/'*)) is equal to 
the number of elements t E Z/dZ\{0} such that a — (t, — 6t, 2t, 3t) is supersingular. 
We are going to show that for suitable d there arc no supersingular a of this form by 
using a descending induction based on the following elementary identity. Suppose 
that a E Z/rfZ, £ is a prime such that £'^\d and £ )( a. Let H be the cyclic subgroup 
of (Z/dZ)^ generated by 1 + d/£. Then we have 

/ sa\ / a \ i — 1 
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It follows that if a = (ao,...,a3) G Ad,2, i^\d, £ /( ai for all i, and if a is 
supersingular, then its image in A^/i is also supersingular. Indeed, we have 

and similarly if a is replaced by ta with t G (Z/dZ)^. 

5.5. We can now prove the theorem. Suppose given p and d which is a product 

of primes in S. If the rank of E{¥p{t^^'^j} were positive, then wc would have a 
t G Z/dZ such that a = {t, —6t, 2t, 3t) is supersingular. Without loss of generality 
we may assume that t G (Z/rfZ)^ and then that a = (1,-6,2,3). Applying the 
observation of the previous subsection repeatedly, wc may "reduce the level" and 
find a d' which is a product of distinct primes from S such that (1, —6, 2, 3) G 
is supersingular. But for such a d' we have / = 1, i.e., p = 1 (mod d') and with 
this one easily checks that 

i=0 j=0 ^ ' i=0 ^ ' 

and so wc arrive at a contradiction to the assumption the E{¥p[t^/'^)) has positive 
rank. This completes the proof of the Theorem. 

5.6. The theorem shows that for any prime p such that p — 1 is not a power of 
2 times a power of 3, there is an elliptic curve over ¥p{t) with bounded rank in a 
Zg tower Fp(t^/^") for suitable i. We will prove a stronger result for certain small 
p not of this type (namely p = 2,3, 5, 7) in the next section and so it seems likely 
that this kind of statement holds for all p. 

In the same direction, it seems quite likely that a more refined analysis would 
show that given j3, and for E as above, the rank of £'(Fp(<^/'')) is bounded as d runs 
through all integers which are products of powers of primes £ such that no power 
of p is congruent to —1 modulo £. 

Generalizing in another direction, a geometric analysis as in [Ulm02, §5] applied 
to the curves in [Ulmer, §7] might allow one to prove a version of Theorem 5.2 for 
higher dimensional abelian varieties. 

Finally, we note that it is not hard to deduce from Theorem 5.2 that the curve 
defined over Q{t) by the equation + xy = — t has bounded rank over Q[t^/'^) 
as d ranges over all positive integers. We omit the details since similar results were 
shown by Shioda [Shi86, Cor. 9] using closely related techniques. 

6. NON-ISOTRIVIAL ELLIPTIC CURVES WITH BOUNDED RANKS IN Z^^^-TOWERS 

6.1. We will use completely different techniques, unrelated to Fermat varieties, to 
give a few examples of non-isotrivial elliptic curves with bounded ranks in towers 
¥p{t^/'^) as d ranges over all integers prime to p. 

6.2. Theorem. Ifp e {2, 3, 5, 7, 11} then there exists an elliptic curve E over ¥p{t) 
with j{E) Fj, such that the rank of Ei^pit}/"^)) is zero for all positive integers d 
prime to p. 



The proof of the theorem, which uses ideas from [Ulm91], will be given in the 
rest of this section. 
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6.3. Given an elliptic curve E over ¥p{t) with j{E) ^ Fp, choose a non-zero invari- 
ant differential oj on E and let A = A{E,uj) and A = A{E,uj) be the discriminant 
and Hasse invariant of E; the definition of the latter is reviewed in [Ulm91, §2]. 
Our assumptions imply that A and A are non-zero elements of ¥p{t). 

Consider the following conditions on E: 

• E has good or multiplicative reduction at t = and t = oo. 

• At every finite non-zero place of Fp(<), E obtains good reduction over a 
tamely ramified extension. 

• At every finite non-zero place v of Fp(i), we have 

ordy{A) ord„(A) 1 
p-1 12 ^ p' 

Note that the third condition is automatic at places where E has good ordinary 

reduction, in particular at places where A and A are units. Note also that if 
E satisfies those conditions then it continues to satisfy them over the extensions 
Fg(i^/'*) for any power q ot p and any d prime to p. 

6.4. It follows from [Ulm91, Section 3 and the first sentence of Section 6] that 
an elliptic curve over ¥p{t) satisfying the conditions of the previous subsection has 
rank or 1 over any extension K = ¥q{t^/'^). To see this, we consider the Frobenius 
and Verschiebung isogenics 

whose composition is multiplication by p. Section 3 of [Ulm91] computes the Selmer 
groups for Fr and V in terms of the reduction types of E, A, and A. Under 
the conditions of the previous subsection, the results arc that Sel(_fi', V) = and 
Sel(if , Fr) is zero if E has good reduction at or oo and has order p if E has 
multiplicative reduction at both and oo. 
We have an exact sequence 

E^P^K) Sc\{K,Fr) Se\{K,p) Se\{K,V) 

and so the Selmer group for p is either trivial or of order p. In the examples we 
give below, when Sel(iir, Fr) is non-trivial, there is a point of order p in E^p^ (K) 
mapping to a generator of Sel(iV', Fr) and so Sel{K,p) = and E{K) has rank 0. 

6.5. We now give explicit examples of elliptic curves satisfying our conditions. 
Suppose p = 2 and let E be defined by 

+ {t- l)xy + {t- l)'^y = x^. 

If w = dx/{{t - l)x + {t- 1)2), then A^ (t-l), A = t(t - 1)^, and j = {t- 1) V*- 
Standard methods show that E has good, ordinary reduction away from 0, 1, and oo; 
that E has multiplicative reduction at and oo; and that &tt = 1, E obtains good 
reduction over an extension with ramification index 3 and the inequality involving 
A and A is satisfied. The point (x, y) = {{t - 1)^, {t - 1)^) on E^'^'> has order 2 and 
maps non-trivially to Se\{K, Fr) and so Se\{K, 2) = for all K = Fg(tVrf). 
If p = 3, let be defined by 

j/2 = _^ _ 1)2^^2 ^ _ ^^^^ 

If w = dx/2y, then A={t- Vf , A = -t^{t - 1)^ and j = -{t - l)'^/t^. Standard 
methods show that E has good, ordinary reduction away from 0, 1, and oo; that 
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E has multiplicative reduction at and oo; and that at t = 1, i;^ obtains good 
reduction over an extension with ramification index 4 and the inequality involving 
A and A is satisfied. The points (x, y) ^ {t'^{t-l)'^, ±t'^{t-lf) on E^^^'' have order 
3 and map non-trivially to Sel(ii:, Fr) and so Sel{K, 3) = for all K = ¥g{t^/'^). 
If p = 5, let be defined by 

y^ = x^ + 3{t - l^x +{t + l){t - 1)5. 

If w dx/2y, then A = {t - 1)*, A = 2t{t - and j = (t - l)^/2t. Standard 
methods show that E has good, ordinary reduction away from 0, 1, and oo; that 
E has multiplicative reduction at and oo; and that a.t t = 1, E obtains good 
reduction over an extension with ramification index 6 and the inequality involving 
A and A is satisfied. The points with x coordinate 2{t - ±2t - 1) on E^^^ 

have order 5 and map non-trivially to Sel(ii', Fr) and so Sel(iir, 5) = for all 

If p = 7, let E be defined by 

y'^ = x^ + {t- l){t + l)^x + 5(t - l){t + l)^ 

If w = dx/2y, then A = {t - l){t + l)^ A = 2{t - lf{t + if, and j = 4{t - 1). 
Standard methods show that E has good, ordinary reduction away from ±1 and oo; 
that E has multiplicative reduction at oo; that at t = I, E obtains good reduction 
over an extension with ramification index 6 and the inequality involving A and A 
is satisfied; and that a,t t = —1, E obtains good reduction over an extension with 
ramification index 4 and the inequality involving A and A is satisfied. It follows 
that Sel(i4:, 7) = for aU K = ¥g{t^/'^). 
If p = 11, let £J be defined by 

y^=x^ + 8{t - l){t + ifx + 2{t - l){t + if. 

If w = dx/2y, then A = {t - lf{t + if, A = 9{t - lf{t + if, and j = 5{t - 1). 
Standard methods show that E has good, ordinary reduction away from ±1 and oo; 
that E has multiplicative reduction at oo; that a,t t = 1, E obtains good reduction 
over an extension with ramification index 6 and the inequality involving A and A 
is satisfied; and that a,t t = —1, E obtains good reduction over an extension with 
ramification index 4 and the inequality involving A and A is satisfied. It follows 
that Sel{K, 11) = for all K = Fg(tVd). 

6.6. The theory of modular forms modulo p suggests that the strategy employed in 
this section will not work for large p. Nevertheless, I conjecture that for all p there 
are elliptic curves (indeed, absolutely simple abelian varieties of any dimension) 
over ¥p{t) which have bounded Mordell-Weil ranks in the tower Fg(f^/'^). 
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